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Generating a “3D” Image from One Continuous 2D Curve
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Abstract

An image which looks very three dimensional can be generated by a single two dimensional continuous curve. The
curve serves as a guide for a series of plates which are placed at a constant distance apart along the curve. All of
the plates have the same shape but each plate has its own color and opacity. The net effect can be color and shading
changes within the 2D image which strongly suggests a 3D image but one that may not be physically realizable. To
further enhance the 3D quality of the final image, a contrast curve may be applied to the 2D image. Often a more
aesthetically pleasing final image can be obtained by applying a conformal map to the 2D image as well.

I have long enjoyed looking at harmonographs; they were the initial inspiration for this work. Originally,
harmonographs were generated by swinging coupled pendulums with an attached pen for generating images.
Hugh Blackburn, a professor of mathematics at the University of Glasgow from 1849-1879 invented a pen-
dulum with a double suspension, later known as the Blackburn Pendulum, to demonstrate harmonic motion.
This was most likely the first mechanical mechanism capable of generating harmonographs [5, p. 246]. The
curves which are generated by a double suspension harmonograph can described by the following parametric
equations where the e =% terms represent the frictional decay inherent in any mechanical assemblage:

x(t) = a1 sin(bit + cl)e_dlt + ag sin(bat + 62)€_d2t

(1
y(t) = agsin(bst + 03)67d3t + ay sin(byt + C4)67d4t.

An interactive simulation of these equations may be found at [2].

Parametric Curves. I wanted to explore curves beyond those as defined by equations (I)) that simulate
physical behavor, to a more unconstrained set of continuous parametric curves. Using Mathematica it was
easy to experiment with a broad range of parametric curves; the following set of parametric equations proved
capable of generating a wide variety of interesting curves:

x(t) = bsin(dt + €) + sin(m > + f)

_ ) 2)
y(t) = ccos(t) + sin(cos(amt”))
for tsiare < t < teng. Examples of curves generated from equations (2)) are shown Fig. 1; for all of the
curves, .75m < ¢t < 1.59977, and the values for the various parameters (except for a) in equations (2)) are:
b=.3,c=-125,d=197,e=.75,m =40, and f = —.05.
Just slightly varying the value for parameter a gives the three apparently unrelated images shown in Fig. 1.
Placing Plates. In order to give body and texture to any of the curves generated by equations (2)) (or similar
parametric equations), I decided to a lay down a sequence of plates along the path taken by a curve. A plate
is a two dimensional (convex) shape whose interior has a given color and opacity and which is outlined by a
different color and opacity. All of the plates used for a given image have the same shape. Each plate has two
apexes — these are the bottom-most and top-most (center) point of each plate. The plate apexes are placed
on the parametric curve such that the bottom apex of one plate is coincident with the top apex of the previous
plate and thus the orientation of the plate sides is approximately parallel to a tangent to the curve. So far, for
all of the images I have generated, I have used plates, which while hexgonal, are very close to rectangular;
their exact shape is defined by the ratio of their width to their height. The hexagonal shape results in slightly
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Figure 1: Left to right: a = 1.9985, a = 2, and a = 2.02

less plate overlap at points on a parameteric curve where the curvature[l is greater than zero. Fig. 2 shows
examples of plate usage from several much larger images. The leftmost example shows wide plates while
the center example shows plates slightly higher than wider. The rightmost example is discussed below. As
will be shown, it is the use of plates which turn a 2D curve into a “3D” looking image. In practice, there are
typically anywhere from ten thousand to forty thousand individual plates used in any single image.

Figure 2 : Examples of Hexagonal Plates

The curves defined in equation (2)) are continuous, so that the length from any point, ¢, on the curve to
any other point, ¢ > tg, on the curve is given by the integral [1]]

d(t) = t VI (9)] + [y (s)]*ds. 3)

The bottom (and top) apexes are placed at a constant distance along the curve from the previous bottom (and
top) plate apexes. Placing the plates thus requires evaluating a function which maps a given length d along the
curve from the point g4, to the corresponding value of ¢. Based on equation (3)), a table is calculated with
n+1entries d; = d(t;) fortg < t; < t,, where to = tstart, tn = tengand tiy; = ti—i-(te"d*nﬂ. Numerical
integration using Simpson’s rule [3, p. 316] is performed in order to calculate the d; values and interpolation
is used with the table to find the corresponding value of ¢ for a given value of d where d(to) < d < d(ty,).

In most cases, the curvature of the curve within a single plate is approximately constant. However, the
rightmost example of Fig. 2 demonstrates what happens when the curve within a single plate has a much

!Curvature at ¢ is defined by x(t) = ‘ﬁ S)(?)/]/ éiﬁégﬁ;{;%ﬂ where ' denotes a first derivative and ”’ denotes a second derivative.
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larger curvature compared with the plates on either side — the net effect is that the plate becomes noticeably
smaller because its two apexes are closer together.

Coloring the Plates. While the images shown in Fig. 1 have a faintly 3D feel to them, I believe it is
the combination of the shading and build up of color introduced by the partial opacities of the plates, as
well as the geometry of plate overlap, as exemplified in Fig. 4, (which uses the leftmost curve of Fig. 1)
that effectively realizes the 3D quality inherent in the curve. This effect was quite unexpected but very
satisfying!E] The shading is provided by varying the color (as an RGB triple with values normalized to the
range [0,1]) and varying the opacity of each plate as a function of length along the curve from its starting
point ¢ = ty. The total length of the curve, d(t.,q), is normalized to 1. To keep the plethora of possibilities
for defining the plates (for a given curve) under control, I made the following restrictions:

e Two colors are chosen: for the first plate and the last plate. The colors of intermediate plates are derived
as a weighted average of these two colors. The weights are given by a continuous, monotonic function
of the normalized length from the first plate to any intermediate plate.

e Two opacities are chosen: for the first plate and the last plate. The opacities of intermediate plates
are derived as a weighted average of these two opacities. The weights are given by a continuous,
monotonic function of the normalized length from the first plate to any intermediate plate. The opacity
weight function is independent from the color weight function.

o The weight functions are all of the form w(x) = x® for some o > 0. Note that 0 < x < 1EI

e The length along the curve between any two successive top or bottom apexes is a constant and the ratio
of the width to the height of any plate is a constant.

These restrictions still allow for a very wide range of possibilities. Choosing the first and last plate colors is
probably the most difficult artistic decision to make. This difficulty is increased because no plate is placed
with opacity equal to 1 (totally opaqueness) and a color contrast curve (described below) is added to most
images.

Figure 3 : Conformal mapping by Mobius transformation with a = —.1 4 .44

Shaping by Conformal Mapping. For most images, the 2D image (with its corresponding apparent 3D
image) is formed into a more “pleasing” shape by applying a conformal (angle-preserving) map in the com-
plex plane corresponding to the 2D image. The entire 2D image is linearly mapped to the complex region

R={z:|Rz] < ? and |Sz] < @} where Rz and 3z are the real and imaginary parts respectively of z.
A Mobius transformation of the form ¢,(z) = (2 — a)/(1 — az), where a is the complex conjugate of a, is

2Viewers frequently comment how three dimensional the printed images look.
31f a first plate color coordinate value or opacity value is p; and a last plate value is p, then any intermediate value, at a
normalized distance = from a first plate, is given by p1 + w(z)(p2 — p1)-
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used as a conformal map from R to R’ = {w : w = ¢4(z) and z € R}El Fig. 3 shows an example of the
resulting region R’ for a value of a = —.1 + .4i.

Contrast Curve. A contrast curve (analogous to a Curves Layer in Adobe Photoshop) is frequently added
to increase contrast, particularly if low opacities are used in coloring plates. A contrast curve is a function,
C((r,g,b)) from normalized RGB values to normalized RGB values. Almost always, C is continuous and
monotonic in each of its arguments, C((0,0,0)) = (0,0,0), and C((1,1,1)) = (1,1,1). Using a contrast
curve can frequently enhance the 3D quality of an image.

Final Results. The leftmost image of Fig. 4 shows the leftmost image of Fig. 1 after placing and coloring
plates. The rightmost image of Fig. 4 shows the final image after shaping by a Mobius transformation with
a = —.1 + .44, rotation by 185 degrees, and the application of a contrast curve.

Figure 4 : Left: before shaping and application of contrast curve. Right: final image.
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“For an extensive discussion of the geometric aspects of the Mobius transformation see [4]
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